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Abstract

In this paper we propose GLS-based panel data unit root tests statistics that
allow for cross-section dependence and multiple structural breaks in both the level
and the slope of the time trend. The analysis covers both the case of (mild) hetero-
geneous and homogeneous break points. We evaluate the �nite-sample properties
of these statistics via a Monte Carlo simulation, considering both the known and
unknown structural breaks cases. The paper illustrates the application of the pro-
posed statistics analyzing the a panel of annual data of GDP for 19 developed
OECD countries covering the period 1870-2008.

JEL Classi�cation: C12, C22

Keywords: Panel data, cross-section dependence, structural breaks, common fac-
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1 Introduction

Ever since Perron (1989) published his seminal paper on unit root tests and structural
breaks, the interest on this �eld rose considerably. Failure to account for structural breaks
leads to size distortions and potentially biased estimates of the parameters in which unit
root tests build upon. This line of research began when the author showed that the
Dickey-Fuller (DF) statistic is biased towards the null hypothesis of unit root if there is an
external shock a¤ecting the slope of the time series. He proposed di¤erent tests, consistent
under both the null and the alternative hypotheses, with the condition that the structural
break date is known a priori. This condition was later criticized by Christiano (1992) who
argued that the date of the structural break is chosen based on pre-test examination of
the data so that the analysis becomes conditional on the decision of the practitioner. As a
result, the following studies took into consideration that the break date was determined
endogenously and examples of such studies for one unknown structural break include
Zivot and Andrews (1992), Perron and Vogelsang (1992), Banerjee, Lumsdaine and Stock
(1992) and Perron (1997).
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The next line of research for univariate case includes studies for two or more struc-
tural breaks. Lumsdaine and Papell (1997) argued that unit root test results are sensitive
to the number of assumed structural breaks and they extended the Zivot and Andrews
(1992) analysis in order to account for two endogenously determined structural breaks.
Note that the framework of Zivot and Andrews (1992) allows the structural break only
under the alternative hypothesis. For the case when a series has a structural break un-
der the null hypothesis, the rejection of the null might indicate that the time series is
I(0) stationary with structural breaks when in fact it is I(1) non-stationary with struc-
tural breaks. Lee and Strazicich (2003) went one step further and proposed a minimum
Lagrange Multiplier (LM) unit root test that allows for two unknown structural breaks
under both the null and the alternative hypotheses. The authors compared their results
with those of Lumsdaine and Papell (1997) using the same dataset and found that the
statistic proposed by Lumsdaine and Papell (1997) tends to reject the null hypothesis of
unit root more than the LM test.
Other researchers extended the previous analyses to more than two endogenously

determined structural breaks. Ohara (1999) and Kapetanios (2005) generalized the Zivot
and Andrews (1992) methodology to allow for m structural breaks but only under the
alternative hypothesis of I(0) � see Perron (2006) for a complete overview. Carrion-
i-Silvestre, Kim and Perron (2009, CKP hereafter) extended the unit root tests based
on the GLS detrending procedure proposed in Ng and Perron (2001). Their framework
allows for multiple structural breaks under both the null and alternative hypotheses.
Also, they allow for structural breaks in both the level and the slope of the time trend of
the series. It has been shown that these statistics have better size and power properties
than those that allow for structural breaks only under the stationary alternative. In a
recent paper, Westerlund (2012) extended the Amsler and Lee (1995) unit root test to
allow for multiple structural breaks in the level of the data. Like in the CKP paper, the
breakpoints are allowed under both the null and alternative hypotheses.
With the increasing development of panel data methods, the researchers extended

the univariate analysis to panel data framework. However, these types of extensions are
relatively limited. The �rst generation of panel data unit root and stationarity tests with
structural breaks assumed that the units of the panel are cross-section independent. For
example, Carrion-i-Silvestre, Del Barrio, and López-Bazo (2001) extended the panel data
Dickey-Fuller (DF) unit root test in Harris and Tzavalis (1999) considering one structural
break in the level of the time series. Another example of panel unit root test is the work of
Im, Lee and Tieslau (2005) who extended the LM-based test while allowing for up to two
level shifts. Finally, Carrion-i-Silvestre, Del Barrio, and López-Bazo (2005) developed a
panel data stationarity test allowing for multiple structural breaks in both the intercept
and/or the slope of the time series.
Note that these studies did not account for the cross-sectional dependence that plagued

the earlier panel data studies, the so-called �rst-generation panel tests. In the recent years
it was shown that the cross-section independence assumption is not realistic especially in
country or regional studies. For example, one important problem that we have to deal
nowadays is the increase in oil prices. As a result, many macroeconomic variables from
one country are very close related with those from a neighboring country. That is, due to
a common shock, the cross-section variables of the panel of countries are dependent on
one another. If the cross-section dependence is not accounted for, it can cause biased and
inconsistent estimates. So the next necessary step is taking into account the dependency
between cross-sections while still allowing for structural breaks.
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One example of such studies is that of Bai and Carrion-i-Silvestre (2009). The authors
treated the cross-section dependency by using common factors originally proposed by Bai
and Ng (2004). They proposed as a panel unit root test the square of the modi�ed MSB
test de�ned by Stock (1999) while allowing for multiple structural breaks. The test is
invariant in the limit only to level shifts but not to structural breaks a¤ecting the slope
of the time trend. Therefore, the authors also proposed a simpli�ed MSB test statistic
that is invariant to both level and slope shifts, although the limiting distribution still
depends on the number of structural breaks. Another example of a related work is that
of Tam (2006) who proposed panel unit root tests that are an extension of the LM-based
test and the combination tests of Maddala and Wu (1999) and Choi (2001). The author
handles the impact of cross-section dependence by means of bootstrapping. Another
study that extends a LM-based unit root test to panel data is the one by Westerlund
(2012), who allows for multiple structural breaks in the level of the data. In order
to estimate the number of the structural breaks and their location, Westerlund (2012)
suggests a procedure based on outlier detection that is valid under both the null and
alternative hypotheses, does not require a priori knowledge about the number or the
location of the structural breaks, and is robust to cross-sectional dependence captured
by common factors. However, the procedure is restricted to stationary errors with weak
dependence at extreme levels. Im, Lee and Tieslau (2012) proposed another LM-based
panel unit root test that allows for heterogeneous structural breaks in both the level and
the slope of the time trend of the series. Their statistic depends only on the number of
structural breaks but not on their size or location, and is invariant to nuisance parameters.
The authors apply the cross-sectionally augmented ADF (CADF) regression of Pesaran
(2007) to their tests as one possible means of correcting for cross-section dependence.
Finally, Lee and Wu (2012) suggested a panel unit root test based on the generalized
CADF procedure proposed by Pesaran (2007). They incorporate a single-frequency-
component Fourier function that is used to approximate the unknown multiple structural
breaks. The cross-sectional dependence is modeled by an unobservable I(0) stationary
common factor. To the best of our knowledge, none of the existing panel studies that use
GLS detrending in their estimation allows for structural breaks under both the null and
the alternative hypotheses and in both the intercept and slope of the series.
In this paper, we propose several panel data unit root tests that are based on the

GLS detrending procedure. The statistics are the extension of univariate CKP statistics
to panel data. The new tests allow for multiple structural breaks that a¤ect either the
level and/or the slope of the time trend. Like in the CKP study, we allow structural
breaks under both the null and the alternative hypotheses. Moreover, we deal with the
cross-section dependence through the use of common factors. We then evaluate the �nite-
sample properties of our statistics via Monte Carlo simulations. Our simulation study
shows that the tests perform well for the both cases of known and unknown structural
breaks. Finally, we apply the proposed tests to a panel of annual per capita real GDP
over the period 1870-2008 for 19 OECD countries.
The structure of this paper is as follows. In Section 2 we describe the model, while

Section 3 presents the unit root test statistics that are investigated. The proposed panel
statistics are shown in Section 5. Section 6 summarizes the Monte Carlo simulations
results and the empirical application is carried out in Section 7. Finally, the paper
concludes in Section 8.
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2 The model

Let us consider the data generating process (DGP) given by the following system of
equations:

yi;t = di;t + F 0t�i + ei;t (1)

(I � L)Ft = C (L)wt (2)

(1� �iL) ei;t = Bi (L) "i;t; (3)

i = 1; : : : ; N , t = 1; : : : ; T , where the stochastic process yi;t is decomposed as the sum of a
deterministic term di;t, a common factor component F 0t�i and the idiosyncratic stochastic
component ei;t. In this framework the cross-section dependence among time series in the
panel data is driven by an approximate common factor model as in Bai and Ng (2002,
2004). Ft denotes a (r � 1) vector of unobserved common factors and �i is a (r � 1)
vector of factor loadings. Note that Ft can be I(0), I(1) or a combination of I(0) and
I(1) common factors depending on the rank of C(1). For example, if C(1) = 0 then Ft is
I(0). If the rank of C(1) is r1 then they are r1 common stochastic trends and r � r1 I(0)
common factors. If C(1) has full rank then Ft is I(1).
Let M < 1 be a generic positive number, independent of T and N and let kAk =

trace (A0A)1=2. We follow Bai and Ng (2004) and de�ne the following assumptions:

Assumption A: (i) for non-random �i, k�ik � M ; for random �i, E k�ik4 � M . (ii)
1
N

PN
i=1 �i�

0
i

p! ��, a (r � r) positive de�nite matrix.

Assumption B: (i) wt � iid (0;�w), E kwtk4 � M . (ii) V ar (�Ft) =
P1

j=0Cj�wC
0
j >

0. (iii)
P1

j=0 j kCjk < M . (iv) C (1) has rank r1, 0 � r1 � r.

Assumption C: (i) for each i, "i;t � iid (0;�"i), E j"i;tj
8 � M . (ii) V ar (�"i;t) =P1

j=0Bi;j�"iB
0
i;j > 0. (iii)

P1
j=0 j kBi;jk < M .

Assumption D: "i;t, wt and �i are mutually independent.

Assumption E: E kF0k �M , and for every i = 1; : : : ; N , E jei;0j �M .
Assumptions A and B implies the existence of r common factors. Assumption B

permits a combination of I(0) and I(1) common factors in the model. Assumption C(i)
allows some weak correlation in (1� �iL) ei;t, while C(ii) and C(iii) allow weak cross-
section correlation. Assumption D states that the errors "i;t, wt and �i are mutually
independent across i and t. Assumption E de�nes the initial conditions.
The de�nition of the deterministic component in (1) gives rise to three di¤erent mod-

els. In Model 0, the multiple structural breaks occur in the intercept and it is known as
the �level shift�model. Model I is known as the �slope change�model and allows for
structural breaks only in the slope of the time trend. Finally, Model II allows for multiple
structural breaks in both the intercept and the slope of the time trend. These models
can be parameterized as

di;t =

mX
j=0

z0i;t
�
T 0i;j
�
 i;j � z0i;t

�
�0i
�
 i;
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where zi;t
�
�0i
�
=
�
z0i;t
�
T 0i;0
�
; : : : ; z0i;t

�
T 0i;m

��0
,  i =

�
 0i;0; : : : ;  

0
i;m

�0
and

zi;t
�
T 0i;j
�
=

8<:
DUi;t

�
T 0i;j
�

for Model 0
DTi;t

�
T 0i;j
�

for Model I�
DUi;t

�
T 0i;j
�
; DTi;t

�
T 0i;j
��0

for Model II
;

and

 i;j =

8<:
�i;j for Model 0
�i;j for Model I�

�i;j; �i;j
�0

for Model II
;

0 � j � m, with DUi;t
�
T 0i;j
�
= 1 and DTi;t

�
T 0i;j
�
= t � T 0i;j for t > T 0i;j and 0 otherwise,

where T 0i;j =
�
T�0i;j

�
represents the true break date for the i-th individual �b�c denotes

the integer part of the element between brackets ��0i is a (m� 1)-vector with the true
break fractions and with the convention that T 0i;0 = 0 8i. It is worth noticing that the
use of �0�as a superscript indicates that the structural breaks are known a priori �the
case of unknown structural breaks is addressed below.1

As for the break dates, the model that we specify assumes that the break dates admit
certain degree of heterogeneity through the de�nition of

T 0i;j = T 0j + vi;j; (4)

with vi;j � iid
�
0; �2i;j

�
8i; j , i.e., the break dates are assumed to depart from a common

break dates up to a bounded quantity. Note that in the limit, the fraction parameters
are common to all individuals since

�0i;j = T 0i;j=T

= T 0j =T +Op
�
T�1

� p! �0j ;

where
p! denotes convergence in probability. Consequently, although in �nite samples

the break dates are allowed to be mildly heterogeneous across individuals, in the limit
the break fraction vector is common to all individuals, i.e., �0i

p! �0 = (�01; : : : ; �
0
m)

0. It
is worth mentioning that it is also possible to impose here the constraint that the break
points are common to all individuals if we set vi;j = 0 8i; j in (4), so that �0i;j = �0j 8i; j.
The GLS-detrended unit root statistics use the transformed data y��i;t and z

��
i;t

�
�0i
�
,

which is de�ned as y��i;1 = yi;1 and z��i;1
�
�0i
�
= zi;1

�
�0i
�
for t = 1, and y��i;t = (1� ��L) yi;t

and z��i;t
�
�0i
�
= (1� ��L) zi;t

�
�0i
�
for t = 2; : : : ; T , i = 1; : : : ; N , with �� = 1 + �c

�
�0
�
=T

and �c
�
�0
�
being the non-centrality parameter de�ned in CKP. Let ~ i be the estimator

that minimizes the sum of squared residuals

S( i; �
0
i ) =

�
y��i;t � z��0i;t

�
�0i
�
 i
�0 �

y��ii;t � z��0i;t
�
�0i
�
 i
�
:

Using these estimated parameters we can construct the GLS-detrended variable ~yi;t =
yi;t � z0i;t

�
�0i
�
~ i and compute its �rst di¤erence

�~yi = �yi ��z0i
�
�0i
�
 ̂i

= ��zi
�
�0i
� �
 ̂i �  i

�
+�F�i +�ei

= ��zi
�
�0i
�
(z��0i

�
�0i
�
z��i
�
�0i
�
)�1z��0i

�
�0i
�
(F ���i + e��i ) + �F�i +�ei

= f�i + �i; (5)
1Although we deal with three di¤erent speci�cations involving structural breaks, our setup can also

be particularized to the case of no structural breaks considering mi = 0.
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where �i = �ei��zi
�
�0i
�
(z��0i

�
�0i
�
z��i
�
�0i
�
)�1z��0i

�
�0i
�
e��i and f = �F ��zi

�
�0i
�
(z��0i

�
�0i
�

z��i
�
�0i
�
)�1z��0i

�
�0i
�
F ��i. In this case (5) is a factor model with the new observable variables

�~yi;t and the estimation of the common factors and factor loadings can be done as in Bai
and Ng (2004) using principal components. Let

�~y = (�~y1;�~y2; :::;�~yN);

be the (T � 1) � N data matrix. The estimated principal components of �F = (�F2;
�F3; : : : ;�FT ), denoted as� ~F , are

p
T � 1 times the r eigenvectors corresponding to the

�rst r largest eigenvalues of the (T � 1)�(T � 1) matrix �~y�~y0, under the normalization
� ~F� ~F 0= (T � 1) = Ir. The estimated loading matrix is ~� = �~y0� ~F= (T � 1), fromwhich
we can de�ne the estimated residuals as

�~ei;t = �~yi;t �� ~F 0t~�i: (6)

We can recover the idiosyncratic disturbance terms through cumulation, i.e.,

~ei;t =
tX
s=2

�~ei;s;

whereas the common factors are estimated in the same fashion:

~Ft =
tX
s=2

� ~fs:

Using these two estimated components we can assess the source of potential I(1) non-
stationarity of the observable variables.

3 Unit root test statistics

The order of integration of each component can be analyzed using the modi�ed test
statistics in Ng and Perron (2001) �hereafter, M-type test statistics. Thus, if we focus
on the idiosyncratic component, the M-type unit root tests statistics are de�ned as:

MSBGLS
i =

 
s�2i T�2

TX
t=1

~e2i;t�1

!1=2
(7)

MZGLSi;� =
�
T�1~e2i;T � s2i

� 
2T�2

TX
t=1

~e2i;t�1

!�1
(8)

MZGLSi;t =
�
T�1~e2i;T � s2i

� 
4s2iT

�2
TX
t=1

~e2i;t�1

!�1=2
(9)

where s2i = (T � ki)
�1
�PT

t=ki+1
~u2t;ki

�
=
�
1�

Pki
j=1
~bi;j

�2
and ki is the order of the au-

toregression selected using the information criteria proposed by Ng and Perron (2001)
and Perron and Qu (2007). The terms ~ut;ki and ~bi;j are the OLS estimated coe¢ cients
from the regression

�~yi;t = bi;0~yi;t�1 +

kiX
j=1

bi;j�~yi;t�j + ut;ki :
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Using these statistics we can test the hypotheses that ei;t is I(1) against the alternative
hypothesis that ei;t is I(0), i.e., �

H0 : �i = 1
H1 : �i < 1

:

As for the common factors, in the case where there is only one (r = 1) common factor,
we can proceed to test its order of integration using the M-type test statistics de�ned
above, once it has been GLS-detrended. The GLS detrending is performed using the
vector of regressors zt

�
�0
�
that de�ne the break dates T 0j = E

�
T 0i;j
�
= N�1PN

i=1 T
0
i;j,

j = 0; 1; : : : ;m, which makes use of the mild heterogeneous property for the break dates.
The GLS-detrended estimated common factor is de�ned as ~F dt = ~Ft� z0t

�
�0
�
~ , where ~ 

is the quasi-GLS estimation of the parameters. Then, the unit root tests given in (7)-(9)
can be computed using ~F dt instead of ~ei;t �the corresponding test statistics are denoted
as MSBGLS

F , MZGLSF;� and MZGLSF;t .
When there is more than one common factor (r > 1), we can assess how many common

factors are I(1) and I(0) using the MQ test statistics in Bai and Ng (2004). Start with
q = r and proceed in three stages:

1. Let ~�? be the q eigenvectors associated with the q largest eigenvalues of T
�2PT

t=2
~F dt ~F

d0
t .

2. Let ~Y d
t =

~�? ~F
d
t , from which we can de�ne two statistics:

(a) Let K (j) = 1� j= (J + 1), j = 0; 1; 2; : : : ; J :

i. Let ~�
d

t be the residuals from estimating a �rst-order VAR in ~Y d
t , and let

~�d1 =
JX
j=1

K (j)

 
T�1

TX
t=2

~�
d

t�j
~�
d0
t

!
:

ii. Let ~vdc (q) =
1
2

hPT
t=2

�
~Y d
t
~Y d0
t�1 + ~Y d

t�1
~Y d0
t

�
� T

�
~�d1 + ~�

d0
1

�i�PT
t=2

~Y d
t�1
~Y d0
t�1

��1
:

iii. De�ne MQdc (q) = T
�
~vdc (q)� 1

�
for the case of no change in the trend

and MQdc
�
q; �0

�
= T

�
~vdc
�
q; �0

�
� 1
�
for the case of changes in the trend.

(b) For p �xed that does not depend on N and T :

i. Estimate a VAR of order p in�~Y d
t to obtain ~� (L) = Iq� ~�1L�: : :� ~�pLp.

Filter ~Y d
t by ~� (L) to get ~y

d
t = ~� (L) ~Y d

t .
ii. Let ~vdf (q) be the smallest eigenvalue of

�df =
1

2

"
TX
t=2

�
~ydt ~y

d0
t�1 + ~y

d
t�1~y

d0
t

�# TX
t=2

~ydt�1~y
d0
t�1

!�1
:

iii. De�ne the statistic MQdf (q) = T
�
~vdf (q)� 1

�
for the case of no change in

the trend and MQdf
�
q; �0

�
= T

�
~vdf
�
q; �0

�
� 1
�
for the case of changes in

the trend.

3. If H0 : r1 = q is rejected, set q = q � 1 and return to the �rst step. Otherwise,
~r1 = q and stop.
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The limiting distribution of these unit root test statistics is presented in the following
theorem.

Theorem 1 Let yi;t, i = 1; : : : ; N , t = 1; : : : ; T , be a stochastic process with the DGP
given by (1) to (3) and satisfying Assumptions A to E. Also, de�ne �� = 1 + �c

�
�0
�
=T ,

let s2i be a consistent estimate of �
2
i and let ki be chosen in a way that ki ! 1 and

k3i =min [N; T ]! 0. Then as N; T !1 with N=T ! 0
(a) the statistics applied to the idiosyncratic component converge to:

Model 0:

MSBGLS
i )

�R 1
0
Vi;c;�c (s)

2 ds
�1=2

MZGLS�;i ) 0:5
�
Vi;c;�c (1)

2 � 1
� �R 1

0
Vi;c;�c (s)

2 ds
��1

MZGLSt;i ) 0:5
�
Vi;c;�c (1)

2 � 1
� �R 1

0
Vi;c;�c (s)

2 ds
��1=2

Models I and II:

MSBGLS
i )

�R 1
0
Vi;c;�c

�
s; �0

�2
ds
�1=2

MZGLS�;i ) 0:5
�
Vi;c;�c

�
1; �0

�2 � 1��R 1
0
Vi;c;�c

�
s; �0

�2
ds
��1

MZGLSt;i ) 0:5
�
Vi;c;�c

�
1; �0

�2 � 1��R 1
0
Vi;c;�c

�
s; �0

�2
ds
��1=2

;

where ) denotes weak convergence to the associated measure of probability, Vi;c;�c (s) =

Wi;c (s)�s
�
bWi;c (1) + 3 (1� b)

R 1
0
uWi;c (u) du

�
, b = (1� �c) = (1� �c+ �c2=3), Vi;c;�c

�
s; �0

�
=

Wi;c (s)� z2 (s)A
�
�0
��1 �Vi ��0�, Wi;c (s) is an Ornstein-Uhlenbeck process and the terms

A
�
�0
�
and �Vi

�
�0
�
for each cross-section are de�ned in the Appendix.

(b) When r = 1, the limiting distribution for the MSBGLS
F , MZGLSF;� and MZGLSF;t test

statistics for the di¤erent model speci�cations is the same as the one given by MSBGLS
i ,

MZGLSi;� and MZGLSi;t , respectively.
(c) When r > 1, let Vq;c;�c (s) and Vq;c;�c

�
s; �0

�
be q-vectors with elements de�ned by

Vj;c;�c (s) =Wj;c (s)�s
�
bWj;c (1) + 3 (1� b)

R 1
0
uWj;c (u) du

�
and Vj;c;�c

�
s; �0

�
= Wj;c (s)�

z2 (s)A
�
�0
��1 �Vj ��0�, j = 1; : : : ; q, respectively.

For Model 0, let vd� (q) be the smallest eigenvalues of

�d� =
1

2

�
Vq;c;�c (1)Vq;c;�c (1)

0 � Ip
� �Z 1

0

Vq;c;�c (s)Vq;c;�c (s)
0 ds

��1
:

For Models I and II, let vd�
�
q; �0

�
be the smallest eigenvalues of

�d� (�) =
1

2

h
Vq;c;�c

�
1; �0

�
Vq;c;�c

�
1; �0

�0 � Ip

i �Z 1

0

Vq;c;�c
�
s; �0

�
Vq;c;�c

�
s; �0

�0
ds

��1
:

(c.1) Let J be the truncation lag of the Bartlett kernel, chosen such that J ! 1 and

J=min
hp

N;
p
T
i
! 0. Then, under the null hypothesis that Ft has q stochastic trends,

MQdc (q)) vd� (q) and MQdc
�
q; �0

�
) vd�

�
q; �0

�
.

(c.2) Under the null hypothesis that Ft has q stochastic trends with a �nite VAR(�p) repre-
sentation and a VAR(p) is estimated with p � �p, MQdf (q) ) vd� (q) and MQdf

�
q; �0

�
)

vd�
�
q; �0

�
.
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The asymptotic critical values for the MSBGLS
i , MZGLSi;� and MZGLSi;t �and the ones

for the common factor, MSBGLS
F , MZGLSF;� and MZGLSF;t � can be found in Carrion-i-

Silvestre et al. (2009). The asymptotic critical values for the MQ test statistics can be
found in Table 1 for Model 0 and in Table 2 for Models I and II. For further developments,
we also have computed the asymptotic mean and variance of the limiting distribution of
the di¤erent test statistics reported in Theorem 1.
Finally, the model that we have speci�ed assumes that the number of common factors

is known. In practice we will need to estimate it using, for instance, the information
criteria proposed in Bai and Ng (2002, 2004). We will analyze the performance of the
use of these information criteria in the Monte Carlo simulation section.

4 Unknown structural breaks

So far, we have assumed that the vector of break points is known. This assumption might
be feasible in some cases, where panels of variables such as, for instance, real exchange
rates panels are analyzed and it is known that there is an important event that have
a¤ected the time series �in this case, the euro currency birth. However, there might be
some cases where this assumption cannot be made and the date of the structural breaks
needs to be estimated. In this section we present two strategies that can be followed in
order to select the date of the structural breaks. Throughout this section, we assume
that the number of structural breaks (m) is known and common to all individuals. In
principle, it would be possible to specify a maximum number of structural breaks (mmax)
and estimate the number of structural breaks ( ~m) using a panel Bayesian information
criterion such as the one proposed in Bai and Ng (2002, 2004).
Individual estimation. In this case, we proceed to estimate the date of the break

points for each time series, without taking into account the other time series of the panel
data set. The estimation of the unknown structural breaks for each time series relies on
the procedure proposed in Carrion-i-Silvestre et al. (2009) and consists of the following
steps:

1. For a given value of m, compute an initial educated estimation of the date of the

break points ~Ti =
�
~Ti;1; : : : ; ~Ti;m

�0
and the vector of parameters ~ i =

�
~ 
0
i;0; : : : ;

~ 
0
i;m

�0
specifying the model

yi;t = z0i;t
�
�0i
�
 i + ui;t;

where the OLS estimation procedure is used to obtain the estimates. The estimates
that are obtained in this step are the ones drawn from the minimization of the sum
of squared residuals (SSR)

2. Obtain �c(~�i) using the estimates obtained in the previous step

3. Compute the quasi-di¤erence of the variables and proceed to compute the GLS es-
timates of the parameters and break dates minimizing the restricted sum of squared
residuals (RSSR) �see Carrion-i-Silvestre et al. (2009) for further details

4. Repeat steps 2 and 3 until convergence is achieved and store the estimated break
dates

5. Compute the GLS detrended variable ~yi;t using the �nal estimates of the break
points and the parameters of the model
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6. Estimate the common factors, the factor loadings and the idiosyncratic disturbance
terms using the method of principal components described in Section 2

7. Test the order of integration of the di¤erent components using the unit root test
statistics proposed in Section 3

Homogeneous estimation. In this case we proceed to estimate the break points
imposing the constraint that they are common (equal) to all time series in the panel data
set, without allowing for the mild heterogeneity that was speci�ed in the model � i.e.,
setting vi;j = 0 8i; j in (4). The implementation of this estimation procedure is similar to
the previous one, but where the break points are obtained from the global minimization
of either the SSR �if we are in step 1 of the previous algorithm �or the RSSR �if we
are in step 3 of the previous algorithm. To be speci�c, the steps are the following ones:

1. For a given value of m, we de�ne all possible combinations of break dates. For a
given combination of break dates Tk, we estimate the model

yi;t = z0i;t
�
�0k
�
 i + ui;t;

for each time series and compute the associated SSR�which is denoted by SSRi (Tk).
The global SSR for a given combination of break dates is given by GSSR (Tk) =PN

i=1 SSRi (Tk), which delivers the estimated common break points as the argument
that minimizes the GSSR, i.e., ~T = argmin�2�(")GSSR (Tk) where the in�mum is
taken over all possible break fractions de�ned on the set

� (") = f(�1; : : : ; �m) ; j�j+1 � �jj � " (j = 1; : : : ;m� 1) ; �1 � "; �m � 1� "g ;

with " some trimming that de�nes the minimal length of a segment �a usual value
in the literature is " = 0:15.

2. Obtain �c(~�) using the estimates obtained in the previous step

3. Compute the quasi-di¤erence of the variables and proceed to compute the GLS
estimates of the parameters and break points minimizing the restricted global sum of
squared residuals (RGSSR), which is obtained as GRSSR (Tk) =

PN
i=1RSSRi (Tk),

with the RSSR given in Carrion-i-Silvestre et al. (2009)

4. Repeat steps 2 and 3 until convergence is achieved and store the estimated common
break points

5. Compute the GLS detrended variable ~yi;t using the �nal estimates of the common
break points and the parameters of the model

6. Estimate the common factors, the factor loadings and the idiosyncratic disturbance
terms using the method of principal components described in Section 2

7. Test the order of integration of the di¤erent components using the unit root test
statistics proposed in Section 3
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5 Panel data unit root test statistics

Although the analysis that has been conducted so far allow us to test the order of in-
tegration of the di¤erent stochastic processes involved in the model at a unit-by-unit
level, it is possible, in principle, to improve the performance of the statistical inference
combining the individual test statistic. In order to pool the individual test statistics
we require to introduce the additional assumption of cross-section independence of the
idiosyncratic disturbance terms ei;t. This assumption makes the individual test statistics
to be cross-sectionally independent.
We are interested in testing the null hypothesis that all units are I(1) non-stationary

against the alternative hypothesis that at least one unit is I(0) stationary, i.e.,�
H0 : �i = 1 8i
H1 : �i < 1 for some i

: (10)

We de�ne M in a generic way to de�ne one of the M-type unit root test statistic
that we have considered, i.e., for a given unit i we can compute any of the statistics
Mi = fMSBGLS

i ;MZGLSi;� ;MZGLSi;t g. The �rst way to de�ne a pool panel data test
statistic bases on the standardized mean of the individual statistics

Mm =

p
N(Mi � ��

M
))

��M
! N(0; 1);

where M = N�1PN
i=1Mi, ��

M
= N�1PN

i=1 �
M
i and ��M

2
= N�1PN

i=1 �
M2

i , where �Mi
and �M

2

i are the mean and the variance of the Mi statistic, M = fMSBGLS;MZGLS� ;
MZGLSt g.
The next three panel data tests are based on the combination of the individual p-

values. Bai and Ng (2004) noted that pooling based on the p-values not only can be used
on unbalanced panels but it has the advantage of allowing heterogeneity across units.
Maddala and Wu (1999) de�ne the panel data Fisher-type statistic that can be applied
to small cross-sections

PM = �2
NX
i=1

ln ~'Mi � �22N ; (11)

where 'Mi denotes the p-value of the Mi statistic, M = fMSBGLS;MZGLS� ;MZGLSt g.
Choi (2001) goes one step further and proposes following test that is valid for N !1:

PMm = � 1p
N

NX
i=1

�
ln ~'Mi + 1

�
! N(0; 1);

whereas Choi (2001) proposes the following pool test statistic:

ZM =
1p
N

NX
i=1

��1
�
~'Mi
�
! N(0; 1);

where� (�) denotes the standard Normal cumulative distribution function,M = fMSBGLS;
MZGLS� ;MZGLSt g.
The simulated mean and variance of all the M-class tests that are needed in order to

compute the panel unit root statistics are presented in Table 3. We also simulated the
p-values for the M-class tests and they are available upon request.
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6 Monte Carlo simulations

It is standard practice in econometrics to conduct a series of simulations in order to
illustrate the �nite sample properties of the proposed statistics. We �rst cover the cases
with a single and then multiple structural breaks when the location of the potential
structural break is known. Later, we relax the assumption of known structural breaks
and we show the simulation results for both a single and multiple endogenous structural
breaks. The nominal size of the statistics is set at the 5% level of signi�cance. We present
the results of the most general model speci�cation (Model II) with structural breaks in
both the slope and the trend. In addition, we focus on the �rst estimation procedure
that has been described above, which bases the results on the individual estimation of
the break points. All simulations are performed in GAUSS and the Monte Carlo results
reported below are obtained using 1; 000 replications.

6.1 Known structural breaks

We begin the analysis by considering the performance of the panel data tests for the case
of known single structural break. We account for cross-section dependence by using the
common factor structure. The data generating process consists of the following system
of equations:

yi;t = di;t + F 0t�i + ei;t (12)

di;t = �i;1DUi;t
�
T 01
�
+ �i;1DTi;t

�
T 01
�

(13)

Ft = �Ft�1 + wt (14)

ei;t = �iei;t�1 + "i;t (15)

where i = 1; : : : ; N , t = 1; : : : ; T , "i;t � iid N (0; 1) and wt � iid N (0; �2F ). For the
simulation of the common factor component we specify �i � N (1; 1), � = f0:9; 0:95; 1g
and �2F = f0:5; 1; 10g. The number of common factors is estimated using the panel
Bayesian information criterion (BIC) in Bai and Ng (2002). We set the autoregressive
parameter �i = 1 8i. The data is generated with N = 20 cross-sectional units and all
combinations of time series observations T = f50; 100; 200g. Due to space constraints
we only present results for �0 = 0:5 with the note that we obtain similar results for
�0 = f0:3; 0:7g. The full set of results are available upon request. Table 3 presents the
mean and the variance of M-class statistics for all time dimensions T . The simulated size
of the panel tests is summarized in Table 5. We can see that all tests perform well since
the empirical size is really close to the nominal size of 5%. It is interesting to note that
the results are similar for all panel statistics regardless of the order of integration of the
common factors. Also, the size does not appear to be a¤ected by the changes in T or �2F .
Based on these results we can infer that the performance of the panel tests for the case
of one known structural break is good with almost no size distortions.
Next, we extend the analysis of panel data unit root tests for the case of two known

structural breaks. The DGP has the following form:

yi;t = di;t + F 0t�i + ei;t (16)

di;t = �i;1DUi;t
�
T 01
�
+ �i;2DUi;t

�
T 02
�
+ �i;1DTi;t

�
T 01
�
+ �i;2DTi;t

�
T 02
�

(17)

Ft = �Ft�1 + wt (18)

ei;t = �iei;t�1 + "i;t (19)
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where i = 1; : : : ; N , t = 1; : : : ; T , "i;t � iid N (0; 1) and wt � iid N (0; �2F ). As in the
previous case, �i � N (1; 1), � = f0:9; 0:95; 1g and �2F = f0:5; 1; 10g. The sample size is
T = f50; 100; 200g and N = 20. Since we analyze the case with two structural breaks,
we set �01 = 0:3 and �

0
2 = 0:7.

The results on the empirical size of the panel unit root tests are reported in Table 6.
We observe that the statistics maintain the nominal level well. The Pm panel statistic
based on MSBGLS and MZGLS� tests tends to over-reject for T = 100 but its empirical
size approaches the nominal size as T increases. Overall, for the case of two known
structural breaks the statistics still perform well with very small size distortions.

6.2 Unknown structural breaks

In the previous sections, we assumed that the timing of the structural breaks is known.
This is not always the case. Actually, many times, the researcher does not know a
priori the location of the structural breaks and he/she needs the tools to do the proper
analysis. Therefore, taking that into consideration, we simulate �rst the case when there
is only one structural break and later on, we extend the analysis to the case with two
structural breaks. The main di¤erence between the known and unknown structural break
cases consists in estimating the structural breaks. In the case of the unknown structural
breaks, we estimate the location of the structural breaks through the global minimization
of the RSSR of the GLS-detrended model presented in Section ??. More explicitly, we
estimate the location of unknown structural break by implementing the steps 1 to 8 shown
on pages 7-8.
The data generating process for the case with one unknown structural break is the

same like the one in Section 6.1 for one known structural break. More exactly, the
DGP consists of equations (12) through (15). As in the case with known structural
break, we present the results for N = 20 cross-sections and all combinations of time
series dimensions T = f50; 100; 200g. We keep the same speci�cation for the common
factor component, therefore we set �i � N (1; 1), � = f0:9; 0:95; 1g and �2F = f0:5; 1; 10g
and we set the autoregressive parameter � at 1. The results contained in Table 7 are
summarized as follows. Overall, the performance of the statistics for the case of one
unknown structural break is similar to that for the case of known structural break with
a few exceptions. For T = f50; 100g and �2F = 10, we can see that the empirical size is
slightly above the 5% nominal size. This indicates a tendency of all the panel statistics
to over-reject the null hypothesis of unit root. Also, for T = 200, the panel statistics
P and Pm show small size distortion. More exactly, the values of these sizes indicate a
under-rejection of the null hypothesis. However, the size of the panel statistics MSBm
and Z is really close to the nominal size. This indicates a good performance of these panel
statistics. Overall, the simulations for the case of one unknown structural break lead us
to conclude that the panel statistics perform rather well with small size distortions.
In the next step, we present the simulation results for two unknown structural breaks.

The data generating process is the same as for the case with two known structural breaks
and consists of Equations (16) through (19). Table 8 presents the empirical size of the
panel statistics for the case of two unknown structural breaks. For the majority of cases,
the size of the simulated statistics is close to the nominal size. There are a few exception
when the size is slightly bigger or smaller than the 5% nominal size. For example, we can
see a similar trend for all statistics when T = 50 and �2F = 10. More exactly, these values
point out to a over-rejection of the null hypothesis of unit root. However, unlike the
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results for the case of one unknown structural break for T = 100 and �2F = 10, the tests
have little size distortions for the case of two unknown structural breaks. The MSBm
panel statistic based on MSBGLS test performs rather well for T = 100 but over-rejects
for T = 200 and under-rejects for T = 50 when �2F = f0:5; 1g. The P and Pm statistics
show moderate size distortions for T = 200. Their values of the size below the nominal
size point to a under-rejection of the null hypothesis of unit root. The results for the
size of Z test indicate that the test has a good performance overall with the exception
when T = 50 and �2F = 10 mentioned earlier. Overall, we observe that in a few cases
the statistics su¤er from moderate size distortions but for the majority of cases the tests
maintain the nominal level well.

7 Empirical application

In this section, we present an empirical application of the panel tests described in the
previous sections. We use the Maddison dataset used by Dawson and Strazicich (2010)
and Kejriwal and Lopez (2010). It consists of annual time series per capita real GDP
over the period 1870-2008 for 19 OECD countries: Australia, Austria, Belgium, Canada,
Denmark, Finland, France, Germany, Italy, Japan, Netherlands, New Zealand, Norway,
Portugal, Spain, Sweden, Switzerland, United Kingdom and United States. Note that
the data are expressed in 1990 Geary-Ghamis dollars. The logarithm of per capita GDP
is the output throughout the rest of the paper. For more details about the data, see
Maddison (2009).
We begin the analysis by testing for cross-sectional dependence among the series of the

panel. To this end, we apply the CD statistic of Pesaran (2004) to the panel of OECD
countries. One advantage of this test is its robustness to single or multiple structural
breaks, making it desirable in the empirical work. The calculated value of the CD test
is 20.099, which indicate that we can reject the null hypothesis of no cross-sectional
dependency at any acceptable level of signi�cance.
Next, we apply the M-class unit root tests with two structural breaks in trend to

each country individually we show the results in Table 9. The second and third column
represent the break dates for each country while the last three columns present the
individual M-class statistics. After looking at the break dates, we can see that the World
War II period is the most frequent time of structural breaks. This is consistent with the
previous studies on the OECD countries like Dawson and Strazicich (2010). We simulate
the asymptotic critical values for the MSBGLS, MZGLS� and MZGLSt tests and for each
pair of �. Although we do not present the critical values in the paper, they are available
upon request. The MSBGLS statistic suggests the rejection of the null hypothesis at
the 5% signi�cance level for Denmark, New Zealand and US and at the 10% level for
Germany and UK. The other two statistics, MZGLS� and MZGLSt show similar results.
Both tests suggest a rejection at the 5% level for Denmark, New Zealand and US and
at the 10% level for UK. Overall, for the majority of countries we cannot reject the unit
root hypothesis in favor of stationarity.
Finally, we apply the panel unit root statistics and we show the results at the bottom of

Table 9. All panel unit root statistics are able to reject the non-stationary null hypothesis
at 10% and two-thirds of them are able to reject the null at 5%. Since the rejection of
the null hypothesis indicates that the respective test has good power, we can infer that
all the panel statistics have good properties and indicate that the panel as a whole is
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stationary.

8 Conclusions

In this paper, we propose several panel data unit root tests that allow for multiple struc-
tural breaks and common factors to control for the presence of cross-section dependence.
The test statistics are based on the use of GLS detrending procedure and the structural
breaks are allowed under both the null and the alternative hypotheses. The model spec-
i�cation considers two cases according to the heterogeneity degree of the break points.
First, we specify a mild heterogeneous framework where the break points are allowed to
di¤er across individuals. Second, we also cover the case of homogeneous break points.
The paper derives the limiting distribution of the individual unit root test statistics for
the idiosyncratic disturbance term and the common factors. Further, we also show that
panel data unit root test statistics can be de�ned through the combination of the indi-
vidual test statistics of the idiosyncratic component.
The performance of the statistics that have been proposed is evaluated using a Monte

Carlo simulation experiment. The simulations show that the test statistics perform well
for the cases of known structural breaks. When the location of the structural breaks is
not known a priori the panel statistics su¤er for under-rejection when the time series
dimension is large. Finally, we apply the proposed tests to a panel data set of annual real
per capita GDP over the period 1870-2008 for 19 OECD developed countries. All panel
statistics rejected the null hypothesis of panel data unit root in favor of I(0) stationarity
for the idiosyncratic component of the real per capita GDP.
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A Appendix

A.1 Proof of Theorem 1

The proof focuses on Model II, since it is the most general model speci�cation that we
consider. The proof for the other models follows this one. The GLS detrended variable
can be written as:

~yi = yi � zi
�
�0i
�
Di;T

�
Di;T z

��0
i

�
�0i
�
z��i
�
�0i
�
Di;T

��1
Di;T z

��0
i

�
�0i
�
y��i

= yi � zi
�
�0i
�
Di;T

�
Di;T z

��0
i

�
�0i
�
z��i
�
�0i
�
Di;T

��1
Di;T z

��0
i

�
�0i
�
(yi � ��iyi;�1)

= yi � Ai (yi � ��yi;�1)
= F�i � AiF

���i + ei � Aie
��
i ;

whereAi = zi
�
�0i
�
Di;T

�
Di;T z

��0
i

�
�0i
�
z��i
�
�0i
�
Di;T

��1
Di;T z

��0
i

�
�0i
�
andDT = diagfD1;T ; D2;Tg

= diag(1; :::; 1; T�1=2; :::; T�1=2). For subsequent developments, we de�ne the partitioned
vector of regressors zi;t

�
�0i
�
as zi;t

�
�0i
�
=
�
z0i;t;1

�
�0i
�
; z0i;t;2

�
�0i
��0
. The term zi;t;1

�
�0i
�

captures the m + 1 regressors corresponding to the constant and the impulse dummy
variables, while zi;t;2

�
�0i
�
collects the m + 1 trending regressors. Further, we also de�ne

z��i;t
�
�0i
�
= (z��0i;t;1

�
�0i
�
; z��0i;t;2

�
�0i
�
)0 as the quasi-di¤erenced zi;t

�
�0i
�
.

Taking the �rst di¤erence we obtain the usual common factor representation

xi = f�i + �i;

where xi = �~yi, f = �F � �zi
�
�0i
�
Di;T

�
Di;T z

��0
i

�
�0i
�
z��i
�
�0i
�
Di;T

��1
Di;T z

��0
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�
�0i
�
F ���i
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�0i
�
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�
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��0
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�
�0i
�
z��i
�
�0i
�
Di;T

��1
Di;T z

��0
i

�
�0i
�
e��i .

We can apply the method of principal components as in Bai and Ng (2004) and
estimate ft, �i and �i;t that are used to construct the unit root statistic which is based
on the cumulative sum of the residuals

~ei;t =
tX
j=2

~�i;j

Let us �rst focus on the idiosyncratic component �i;t. Substracting xi;t = ~f 0t
~�i + ~�i;t from

xi;t = f 0t�i + �i;t yields
~�i;t = �i;t + f 0t�i � ~f 0t

~�i:

Following Bai and Ng (2004) and Bai and Carrion-Silvestre (2009), we can rewrite
this equation as

~�i;t = �i;t + f 0tHH
�1�i � ~f 0tH

�1�i + ~f 0tH
�1�i � ~f 0t

~�i

= �i;t +
�
H 0ft � ~ft

�0
H�1�i � ~f 0t

�
�̂i �H�1�i

�
= �i;t � �0tH

�1�i � ~f 0t�i; (20)

where �t =
�
~ft �H 0ft

�
and �i =

�
~�i �H�1�i

�
.
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Using Lemma 3 and C1 from Bai and Ng (2004) and Theorem 2 from Bai and Carrion-
i-Silvestre (2009), with the condition that N; T !1, we obtain

T�1=2







tX
j=2

�0jH
�1�i






 = Op
�
C�1NT

�
T�1=2







tX
j=2

~fj�i






 = Op
�
C�1NT

�
;

where CNT = min
hp

N;
p
T
i
.

We de�ne the cumulative sum residuals as ~ei;t =
Pt

j=2
~�i;j and rewrite the previous

equation as

T�1=2~ei;t = T�1=2
tX
j=2

�i;j +Op
�
C�1NT

�
:

Note that �i;t = �ei;t � �zi;t
�
�0i
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��0
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��0
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�
�0i
�
e��i .

Thus,
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tX
j=2

�i;j = T�1=2
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The second terms is op (1) since T�1=2ei;1
p! 0. Further, T�1=2zi;t

�
�0i
� �
z��0i;1
�
�0i
�
z��i;1
�
�0i
���1

z��0i;1
�
�0i
�
e��i

p! 0 8t and T�1=2Di;T;2z
��
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�
�0i
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�
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�
1
�
s > �01

�
; : : : ;

�
s� �0m

�
1
�
s > �0m

�
)0. Taking into account these elements,

we can see that as N; T !1 with N=T ! 0, we obtain
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�00; �

0
1

�
� � � a

�
�00; �

0
m

�
a
�
�01; �

0
1

�
� � � a

�
�01; �

0
m

�
. . .

...
a
�
�0m; �

0
m

�
37775 ;

with elements de�ned as

a
�
�0i ; �

0
j

�
=
1

6

�
1� �0j

� h
6�c
�
�0i � 1

�
+ �c2

�
�0j
�
3�0i � 1

�
� 3�0i � �0

2

j + 2
�
+ 6
i
;
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with �0i < �0j , 8i; j = 0; 1; : : : ;m, where �00 = 0. Finally, �Vi
�
�0
�
=
�
Vi
�
�00
�
; : : : ; Vi

�
�0m
��0

with

Vi
�
�0j
�
=

�
1 + �0j�c

�
((Wi(1)�Wi(�

0
j)) + (c� �c)

Z 1

�0j

Wi;c (s) ds)

��c
Z 1

�0j

sdWi (s)� (c� �c) �c
Z 1

�0j

sWi;c (s) ds:

Consequently,

T�1=2~ei;t ) �i

h
Wi;c (s)� z2 (s)A

�
�0
��1 �Vi ��0�i

� �iVi;c;�c
�
s; �0

�
;

and by the Functional Central Limit Theorem (FCLT) we have that

MSBGLS
i )

�Z 1

0

Vi;c;�c
�
s; �0

�2
ds

�1=2
:

The limit distribution of the other two test statistics follows easily from the developments
above. Further, note that the limiting distribution for Model I is the same as the ones
derived for Model II since the impulse dummies �i.e., the elements collected in z��i;1 �are
asymptotically negligible, as shown above.
Let us now focus on the estimated common factors ~Ft. From ~ft = Hft + vt we have

in the limit

~Ft = H
tX
s=2

fs +
tX
s=2

vs

= H
tX
s=2

(�Fs ��zs
�
�0
�
DT

�
DT z

��0 ��0� z�� ��0�DT

��1
(21)

DT z
��0 ��0�F ����

�
+

tX
s=2

vs

= H
h
Ft � F1 � zt

�
�0
�
DT

�
DT z

��0 ��0� z�� ��0�DT

��1
DT z

��0 ��0�F ����

+z1
�
�0
�
DT

�
DT z

��0 ��0� z�� ��0�DT

��1
DT z

��0 ��0�F ����
i

+Vt;

where we have de�ned zt
�
�0
�
as the vector of regressors de�ned by the use of T 0j =

E
�
T 0i;j
�
= N�1PN

i=1 T
0
i;j, j = 0; 1; : : : ;m. Further, note that in (21) we have ��, provided
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that it holds that

N�1
NX
i=1

~Ft = N�1
NX
i=1

"
H

tX
s=2

�
�Fs ��zs

�
�0
�

DT

�
DT z

��0 ��0� z�� ��0�DT

��1
DT z

��0 ��0�F ���i

�
+

tX
s=2

vs

#

~Ft = H
tX
s=2

�
�Fs ��zs

�
�0
�
DT

�
DT z

��0 ��0� z�� ��0�DT

��1
DT z

��0 ��0�F ����
�

+

tX
s=2

vs.

Then, we can de�ne ~F dt = HF dt +V
d
t , where the d superscript denotes that the variable

has been detrended. In our case, the detrending is based on the use of the quasi-GLS
procedure described above, so that we de�ne ~F dt = ~Ft � z0t

�
�0
�
 ̂ where zt

�
�0
�
is the

vector of regressors de�ned by the use of T 0j = E
�
T 0i;j
�
= N�1PN

i=1 T
0
i;j and  ̂ is the

matrix of parameters that has been obtained using the GLS-detrending procedure. Using
these elements and the developments above, we have�

1=
p
T
�
~F dt = H

�
1=
p
T
�
F dt +Op

�
C�1NT

�
;

and the proof of the limiting distribution of the M-type unit root test statistics for the
case of just one common factor (r = 1) follows the one for the idiosyncratic component
replacing ei;t by ~F dt .
When we have more than one common factor (r > 1) we can proceed to apply the

MQ tests in Bai and Ng (2004) in order to know how many I(1) and I(0) common factors
we have. In this case, the limiting distribution of the MQ test statistics is given in Bai
and Ng (2004) but using GLS-detrended-based Brownian motions functionals instead of
OLS-detrended Brownian motions ones.
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Table 1: Asymptotic critical values for the MQ(q; �) tests for Model 0
r 1% 5% 10%
1 -13.78 -8.19 -5.82
2 -25.11 -18.16 -14.96
3 -35.27 -27.22 -23.53
4 -45.22 -36.31 -32.16
5 -54.26 -44.87 -40.52
6 -63.65 -53.63 -48.92

The moments of the limiting distribution of the statistics by means of
Monte Carlo simulation, using 1,000 steps to approximate the Brownian
motion functionals and 100,000 replications.

Table 2: Asymptotic critical values for the MQ(q; �) tests for Models I and II, one
structural break case

�0= 0:1 �0 = 0:2 �0 = 0:3
r 1% 5% 10% 1% 5% 10% 1% 5% 10%
1 -30.12 -22.28 -18.69 -31.11 -23.44 -19.81 -31.92 -23.83 -20.29
2 -41.08 -32.43 -28.30 -41.76 -33.26 -29.34 -42.09 -33.69 -29.67
3 -50.84 -41.48 -37.12 -51.51 -42.24 -37.93 -51.79 -42.75 -38.35
4 -59.87 -50.08 -45.56 -60.37 -50.99 -46.37 -60.98 -51.24 -46.63
5 -68.92 -58.65 -53.62 -69.45 -59.41 -54.49 -69.82 -59.66 -54.82
6 -77.35 -67.03 -61.90 -78.28 -67.54 -62.61 -78.30 -67.80 -62.77

�0 = 0:4 �0 = 0:5 �0 = 0:6
r 1% 5% 10% 1% 5% 10% 1% 5% 10%
1 -31.60 -23.97 -20.32 -31.85 -23.86 -20.25 -31.11 -23.23 -19.63
2 -42.07 -33.70 -29.72 -42.20 -33.66 -29.59 -41.90 -33.26 -29.25
3 -51.58 -42.57 -38.24 -51.52 -42.54 -38.16 -51.24 -42.14 -37.85
4 -60.54 -51.17 -46.63 -60.91 -51.11 -46.41 -60.32 -50.69 -46.17
5 -69.72 -59.49 -54.70 -69.09 -59.36 -54.53 -68.90 -59.11 -54.40
6 -78.25 -67.67 -62.68 -77.92 -67.61 -62.62 -77.65 -67.29 -62.33

�0 = 0:7 �0 = 0:8 �0 = 0:9
r 1% 5% 10% 1% 5% 10% 1% 5% 10%
1 -30.11 -22.29 -18.75 -28.90 -21.14 -17.67 -26.80 -19.38 -16.01
2 -41.07 -32.58 -28.62 -40.02 -31.49 -27.59 -38.01 -29.59 -25.70
3 -50.51 -41.50 -37.15 -50.00 -40.70 -36.50 -48.28 -38.96 -34.64
4 -60.02 -50.40 -45.84 -59.04 -49.52 -44.97 -57.40 -47.80 -43.28
5 -68.98 -58.98 -54.00 -67.99 -58.17 -53.25 -66.78 -56.42 -51.63
6 -77.38 -67.13 -61.96 -76.77 -66.38 -61.45 -75.31 -65.13 -60.10

The moments of the limiting distribution of the statistics by means of Monte Carlo simulation,
using 1,000 steps to approximate the Brownian motion functionals and 100,000 replications.
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Table 3: Mean and variance for the M � class statistics
1 KNOWN BREAK

MSBGLS MZGLS� MZGLSt

T Mean Variance Mean Variance Mean Variance
50 0.261456 0.005521 -8.282115 16.489818
100 0.239627 0.004043 -9.935691 24.929351
200 0.230758 0.003658 -10.823839 30.655044

0.227108 0.003485 -11.184445 34.052021

2 KNOWN BREAKS
MSBGLS MZGLS� MZGLSt

T Mean Variance Mean Variance Mean Variance
50 0.216900 0.002273 -11.538986 18.016178
100 0.199408 0.001760 -13.776592 28.413185
200 0.190975 0.001673 -15.248692 38.824724

0.188562 0.001690 -15.643370 43.778604

1 UNKNOWN BREAK
MSBGLS MZGLS� MZGLSt

T Mean Variance Mean Variance Mean Variance
50 0.250518 0.004387 -8.656986 15.602375
100 0.244937 0.004483 -9.508741 25.471744
200 0.265740 0.015757 -9.702224 38.359919

0.288416 0.038645 -9.921242 42.732074

2 UNKNOWN BREAKS
MSBGLS MZGLS� MZGLSt

T Mean Variance Mean Variance Mean Variance
50 0.209529 0.002359 -12.260359 18.159997
100 0.205955 0.002338 -13.132034 32.312824
200 0.263366 0.027457 -12.152745 63.590714

0.317205 0.066611 -11.753740 78.783104
Simulations are based on 1000 replications. These values are valid for the Monte
Carlo simulation presented in Section 6. The DGP for the one break case is given
by Equations (12) to (15). For the case on 1 known break, the values for the mean
and the variance are calculated using �0 = 0:5. The DGP for the two breaks case is
given by Equations (16) to (19). The values for the mean and the variance for the
case of 2 known breaks are calculated using �01 = 0:3 and �

0
2 = 0:7.
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Table 9: Individual unit root tests and the two break dates
Country ~T1 ~T2 � used for cv MSBGLS MZGLS� MZGLSt

Australia 1889 1931 (0.2, 0.5) 0.170 -17.130 -2.910
Austria 1913 1947 (0.3, 0.6) 0.165 -17.607 -2.913
Belgium 1918 1943 (0.4, 0.6) 0.200 -12.370 -2.472
Canada 1917 1933 (0.4, 0.5) 0.192 -13.105 -2.509
Denmark 1939 1973 (0.5, 0.8) 0.147** -23.219** -3.402**
Finland 1892 1918 (0.2, 0.4) 0.194 -13.342 -2.583
France 1929 1945 (0.4, 0.6) 0.165 -17.122 -2.830
Germany 1913 1944 (0.3, 0.6) 0.152* -20.914 -3.183
Italy 1918 1945 (0.4, 0.6) 0.295 -4.447 -1.312
Japan 1950 1973 (0.6, 0.8) 0.258 -6.836 -1.763
Netherlands 1918 1945 (0.4, 0.6) 0.168 -17.679 -2.972
New Zealand 1920 1934 (0.4, 0.5) 0.145** -23.637** -3.436**
Norway 1916 1939 (0.4, 0.5) 0.161 -17.394 -2.802
Portugal 1936 1961 (0.5, 0.7) 0.203 -10.688 -2.167
Spain 1935 1960 (0.5, 0.7) 0.265 -7.142 -1.890
Sweden 1916 1939 (0.4, 0.5) 0.229 -9.097 -2.083
Switzerland 1907 1944 (0.3, 0.6) 0.184 -14.497 -2.668
UK 1918 1943 (0.4, 0.6) 0.150* -21.756* -3.254*
USA 1929 1944 (0.4, 0.6) 0.143** -24.572** -3.505**
~T1 and ~T2 represent the break dates and cv denotes the critical value; * and ** denote
rejection of the null hypothesis at the 10% and 5% level of signi�cance, respectively.

Table 10: Panel unit root tests (two breaks)
Panel test MSBGLS MZGLS� MZGLSt

MSBm -1.5616* -1.7372** -1.6879**
P 53.4213** 51.9885* 52.7378*
Pm 1.7689** 1.6046* 1.6905**
Z -1.7764** -1.6246* -1.6712**

Note: * and ** denote rejection of the null hypothesis at the 10%
and 5% level of signi�cance, respectively.
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